Further Operations on Fuzzy Sets

                        模糊集合進一步的運算

I. Standard Operations(標準的運算)
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A. Complement

B. Intersection
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C. Union
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Complement  →  negation

Intersection   →  min

Union       →  max

這不是唯一的一種運算方式

更明確地說 negation, min, max

不是一種將明確集合的Complement

Intersection

Union

一般化的唯一方法

II. Further Operations(進一步的運算)
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對於Complement, Intersection與Union 
的其它運算方式（姑且稱為function） 
一般可分為 (1) Nonparametric Function 

(2) Parametric Function
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有Parameter來調整相對應運算的強度
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A. Complement of a Fuzzy Set A, 表為A
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若以函數來描述：

而C:[0, 1] → [0, 1]

C(．)必需滿足下列條件：

C1.邊界條件(Boundary Conditions):

C(0)=1  且  C(1)=0

C2.單調性(Monotonic Properties):

對任何x1, x2(U

假如μA(x1) < μA(x2)，則C(μA(x1)) ( C(μA(x2))

那也就是C(．)是一個單調非增函數

C3.連續性(Continuity)

C(．)是一個連績函數

C4.迴旋性(Involution)

C(C(μA(x)))=μA(x),  (x(U

滿足上述條件

(1) 非參數型補集(Nonparametric Fuzzy Complement)
如：
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Negation Complement

(2) 參數型補集（Parametric Fuzzy Complements）

如：
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→  ( Complement (Sugeno Class)
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(:  Parameter      -1<(<∞

(=0     C (μA(x))=1-μA(x)

標準的Fuzzy Complement
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Universal set
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→  ( Complement (Yager Class)
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(:  Parameter      0 < ( < ∞

(=1     C (μA(x))=1-μA(x)

標準的Fuzzy Complement

假如  C(a) = a

稱為  Equilibrium of Fuzzy Complements
Equilibrium of Standard Complement Operation

(  a = 1-a  (  a=0.5

Equilibrium of ( Complement Operation
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    由於Fuzzy Complement是單調非增函數Monotonic Nonincreasing

    因此每一個Fuzzy Complement至多有一個Equilibrium
B. Intersection of a Fuzzy Sets

Triangular Norms (t-norms)

三角範數

若以函數來描述：

μA∩B(x) = t[μA(x), μB(x)],

而  t:[0, 1] ([0, 1] → [0, 1]

t(．)必要滿足下列條件：

t1:邊界條件(Boundary Conditions)

t[0, 0]=0 ; t[μA(x), 1]=t[1, μA(x)]=μA(x)

t2:單調性(Monotonicity)

假如μA(x)(μC(x)而且μB(x) (μD(x)

則t[μA(x), μB(x)](t[μC(x), μD(x)]

t3: 交換性(Commutativity)

t[μA(x), μB(x)]=t[μB(x),μA(x)]

t4: 結合性(Associativity)

t[μA(x), t[μB(x),μC(x)]]

=t[t[μA(x),μB(x)],μC(x)]

滿足上述條件(為了簡化符號表示方式：設μA(x)=a且μB(x)=b)

(1)非參數型三角範數(Nonparametric t-Norms)

如：

1. Intersection(交集)： a (b = min(a, b)

2. Algebraic Product(代數積)： a(b = ab

3. Bounded Product(邊界積)： a⊙b = max(0, a+b-1)

4. Drastic Product(激烈積)： 
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(2)參數型三角範數（Parametric t-Norms）

如：

Yager Intersection
t((a,b)=1-min[1, [(1-a)(+ (1-b)(]1/(]

(: parameter     0<(<∞
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         (→1   t((a, b) = 1-min[1, 2-a-b]

= 1+max[-1, a+b-2]

                       = max[0, a+b-1]
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                        Bounded Product
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         (→∞   t((a, b)=min (a, b)

         Intersection
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                          a,  b=1               Drastic Product
         (→0   t((a,b)=   b,  a=1    

                          0,  a, b<1

C. Union of Fuzzy Sets 

    Triangular Conorms (t-conorms, s-norms)

    反三角範數

    若以函數來描述：

μA∪B(x)= s[μA(x), μB(x)]

    而s: [0, 1] ( [0, 1]→[0, 1]

s(．)必需滿足下列條件：

s1:邊界條件（Boundary Conditions）

s[1, 1]=1; s[μA(x), 0]=s[0, μA(x)]=μA(x)

s2:單調性（Monotonicity）

假如μA(x)(μC(x)而且μB(x)(μD(x)

則s[μA(x), μB(x)]  ( s[μC(x)(μD(x)]

s3:交換性（Commutativity）

s[μA(x),μB(x)]=s[μB(x),μA(x)]

s4:結合性（Associativity）

s[μA(x), s[μB(x), μC(x)]

=s[s[μA(x), μB(x)], μC(x)]
滿足上述條件(為了簡化符號表示方式：μA(x)=a且μB(x)=b)

(1)非參數型反三角範數（Nonparametric t-conorms）

如：
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1.Union(聯集)：a(b=max(a,b)
2.Algebraic Sum(代數和)：a   b = a + b – a b

3.Bounded Sum(邊界和)：a(b = min(1, a + b)

4. Drastic Sum(激烈和)： 
5.Disjoint Sum(脫節和)：a(b

 = max {min(a, 1-b), min(1-a, b)}

(2)參數型反三角範數（Parametric t-conorms）

如：

Yager Union
s((a, b)=min[1, (a(+b()1/(]

(:  Parameter     0<(<∞
       (→1   s((a,b) = min[1, a+b]

                                       Bounded Sum

       (→∞  s((a,b) = max (a,b)

                                        Union

         a ,  b=0

       (→0   s((a,b)=   b,  a=0

         1,  a, b > 0

                                             Drastic Sum

t-noms (Fuzzy Intersection) 以及t-conorms (Fuzzy Union)

滿足下列定理

<定理>

(1) tdp(a,b) = tmin(a,b) ( t(a,b) ( tmax(a,b) = min(a,b)
drastic product

(2) max(a,b) = smin(a,b) ( s(a,b) ( smax(a,b) = sds(a,b)
drastic sum
<證明>

(1)∵Boundary Condition of t-norm

t(a, 1)=a  and  t(1, b)=b

monotonicity Condition of t-norm

因為a ( a且b (1  ∴ t(a, b)  ( t(a, 1) = a

＆

因為a ( 1且b ( b  ∴ t(a, b)  ( t(1, b) = b

( 所以 t(a, b) ( min(a, b)
Boundary Condition of t-norm

當b=1, t(a, b)=a ; 當a=1, t(a, b)=b

            (()              (()

符合Drastic product(當a=1或b=1時)

(1)式左半部的不等式

Monotonicity Condition of t-norm

因為a ( 0, 且b ( b  ∴t(a, b)  ( t(0, b) = 0

          因此

min operation 是 t-norms 的 Upper-Bound

而

max operation 是 t-conorms 的 Lower-Bound


        tmin                  tmax                  smin                 smax
        = tdp                 = min               = max               = sds
                  t-norms                                t-conorms

            (Intersection Operations)                   (Union Operations)
The t-norms and t-conorms are a kind of aggregation operations on fuzzy sets

Several fuzzy sets are combined to produce a single set

Such operations play an important role in the contest of decision making in a fuzzy environment

Aggregation Operation is defined by

μA(x)=h[μA1(x), μA2(x), ... , μAn(x)]    (x(U

h:  [0, 1]n →[0, 1],  n ( 2

t-norms ( min ( max ( t-conorms

  

averaging operators


lying between the min operator and the max operator

trade-offs between the minimum and the maximum degree of membership of the aggregated sets 

      min(a1, a2, ... ,an) ( h (a1, a2, ..., an)( max(a1, a2, …, an)

  averaging operators
Parametric Averaging Operator

如：Generalized means

(  ( - (  (  h(( a1, a2, ..., an)

= min(a1, a2, …, an)
(  (  (  ( h(( a1, a2, ..., an)

= max(a1, a2, …, an) 
Extension of Generalized Means          Weighted Generalized Means

(i are weights expressing the relative importance of the aggregated sets

The weighted generalized means are useful in decision-making problems where different criteria differ in importance(weights)

  The Full Scope of Fuzzy Aggregation Operators




   tmin                  tmax                  smin                 smax
   = tdp                 = min               = max               = sds

            t-norms                                 t-conorms

     (Intersection Operations) (Averaging Operations) (Union Operations)

                          Aggregation  Operations
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如前述單純的


negation


min 


max
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(a)
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(b)





Yager Intersection





Yager Union
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  t(a, 0) (min(a, 0)


( t(a, 0)=0


  t(0, b) (min(0, b)


( t(0, b)=0
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Yager Intersection
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