Fuzzy Sets

I. Representation

A. Fuzzy Sets with a Continuous Universe
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x: element
(A (x): membership function

U: universe of discourse(論域)

B. Fuzzy Sets with a Discrete Universe
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(1) Fuzzy Sets with a Discrete Ordered Universe

中年= 0.2/30 + 0.7/35 + 1/40+ 0.7/45 + 0.2/50 
(2) Fuzzy Sets with a Discrete Nonordered Universe

美麗 = 0.7/小芬 + 0.2/小英 + 1/小王
Example:

U={0, 1, 2, 3, 4, 5}這六個元素有大小之分
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一個模糊子集“小的數”A
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0,  1,  2,  3,  4,  5
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    七成小  三成小

九成小

十足的小
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元素

另外一種表示方式

A={(0, 1), (1, 0.9), (2, 0.7), (3, 0.3), (4, 0), (5, 0)}
II. Terminology

(1) Support of a Fuzzy Set(支集, 為Crisp Set)Figure

Supp(A) = {x
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U | μA (x)＞0}

(2) Fuzzy Singleton(單點集，為Crisp Set)
A fuzzy set A whose support is a single point in U with μA (x)=1
(3) Kernel of a Fuzzy Set(核心, 為Crisp Set)

ker(A) = {x
[image: image2.wmf]Î

U |μA (x) = 1}

(4) α-cut of a Fuzzy Set(α截集, 為Crisp Set)
Aα={x
[image: image3.wmf]Î

U |μA (x) (α}   α
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(0, 1)

Strongα-cut of a Fuzzy set

Aα={x
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U |μA (x)＞α}

(5) Level Set of a Fuzzy Set(準位集, 為Crisp Set)
The set of all levels (
[image: image6.wmf]Î

(0, 1)

(A ={α|μA (x)=α, for some x
[image: image7.wmf]Î

U}   

(6) Height of a Fuzzy Set(高度)
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Height of A = Height(A) ( Supx μA(x)

                   Supremum

Height(A)=1  (  A fuzzy set is normalized(正規)
Otherwise    (  A fuzzy set is subnormal(非正規)
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(7) Cardinality(卡迪那數)

(a)Scalar Cardinality

Cardinality of Crisp Set = number of element in the crisp set

Cardinality of Fuzzy Set =summation of the membership grades of all the elements of x in A
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Relative Cardinality of Fuzzy Set A (when | U | is finite)
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(b)Fuzzy Cardinality(略)
When a fuzzy set A has a finite support, its cardinality can be defined as a fuzzy set
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Fuzzy cardinality | A |f
Example: Solve  |A|, |A|rel, |A|f
	分  數
	高分的隸屬度

	10
	0

	20
	0

	30
	0

	40
	0

	50
	0.1

	60
	0.3

	70
	0.5

	80
	0.8

	90
	1
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The fuzzy cardinality of A can be interpreted as “approximately 3”.

(8) Similarity Measure(相似度量測) (略)
[image: image65.wmf]Equality       0 < E(A,B) < 1[image: image66.wmf]2
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(9) Subsethood Measure(子集度量測) (略)
Subset
(10) Consistency Degree of Two Fuzzy Sets(一致度) (略)
Supx=y min (μA(x),μB(y))=Height(A∩B)

Example: (a) Mary and John will date at 6 PM的一致度
(b) 美麗又可愛的一致度

美麗 = 0.7/小芬 + 0.2/小英 + 1/小王

可愛 = 0.9/小芬 + 0.5/小英 + 0.6/小玉

美麗又可愛 = 0.7/小芬 + 0.2/小英 + 0.6/小王

美麗與可愛雖然是不同的概念

但它們的一致度可達0.7

(10) Convexity of Fuzzy Sets(凸模糊集) (略)
A fuzzy set is convex if and only if each of its α-cuts is a convex set

OR

μA(λx1 + (1 -λ)x2)  >  min (μA(x1), μA(x2))

where x1, x2εU, λε[0, 1]

Note that:

The convexity definition does not imply that the membership function of a convex fuzzy set is a convex function

Convex: A set of points is said to be convex provided that every pair of points in the set can be joined by a line segment that lies entirely within the set

(11) Fuzzy Set of Type2(第2類模糊集合) 
集合本身是模糊的

歸屬函數也是模糊的：如大約0.5

                      大約0.8

年輕 = 大約1/5 + 大約1/10 + 大約0.8/20 + 大約0.6/30 + 大約0.2/45 + 大約0.1/50

Fuzzy Set of Type 1（第1類模糊集合)

集合本身是模糊的

歸屬函數是明確的

III. Operations of Fuzzy Sets

(1)Union聯集
(x(∪
μAUB(x) = max[μA(x), μB(x)] ( μA(x) VμB(x)

A ( A∪B 
B ( A∪B
(2)Intersection交集
(x(∪
μA∩B(x)= min[μA(x),μB(x)] ≡ μA(x) (μB(x)
A∩B ( A
A∩B ( B

(3)Complement補集 


μA(x) = 1-μA(x)

(4)Equality等集

μA(x)=μB(x)

Similarity Measure(相似度量測)

Equality       0 < E(A,B) < 1
(5) Subset

A is a subset of B; that is, A ( B if and only if 
μA(x) <μB(x)
Subset hood Measure(子集度量測) (略)
Subset
(6)Cartesian Product
The Cartesian product of A1 , A2 , ….., An is a fuzzy set in the product space U1(U2(…(Un
μA1 ( A2 ( …..( An (x1, x2, …, xn)=min[μA1(x1), μA2(x2), …, μAn(xn)]

x1
[image: image8.wmf]Î

U1, x2
[image: image9.wmf]Î

U2, …, xn
[image: image10.wmf]Î

Un

(7)Algebraic Sum
μA+B(x)=μA(x) +μB(x) –μA(x) .μB(x)

(8)Algebraic Product
μA.B(x)=μA(x) .μB(x)

(9)Bounded Sum 
μA+B(x)=min{1, μA(x) +μB(x)}

(10)Bounded Difference 
μA—B(x)=max{0, μA(x) —μB(x)}

(11)Bounded Product 
μA(B(x)=max{0, μA(x) +μB(x) — 1}

	Properties of Fuzzy Set Operations
模糊邏輯運算之性質

	Idempotence
冪等集
	A∪A=A,  A∩A=A

	Law of Zero
零元法則
	A∪U=U,  A∩(=(

	Law of Identity
單位元法則
	A∪(=A,   A∩U=A

	Absorption
吸收律
	A∪(A∩B)=A,  A∩(A∪B)=A

	Double-negation Law
復原律
	A=A

	Commutativity 

交換律
	A∪B=B∪A, A∩B=B∩A

	Associativity
結合律
	(A∪B)∪C=A∪(B∪C)
(A∩B)∩C=A∩(B∩C)

	Distributivity
分配律
	A∩(B∪C)=(A∩B)∪(A∩C)
A∪(B∩C)=(A∪B)∩(A∪C)

	De Morgan's Laws
狄摩根定律(對偶律)
	A∪B=A∩B, A∩B=A∪B


 下列兩個定律在模糊集合中並不成立

互補律A∪A =∪ (Law of Excluded Middle, 排中律)

       A∩A =( (Law of Contradiction, 矛盾律)

	A∪A≠∪

	A∩A≠(


IV. Resolution Principle(分解定理，Decomposition Principle)

A fuzzy set A can be expanded in terms of itsα-cuts

Example

假設全集合∪ = {1, 2, 4, 5, 8, 9}

而模糊集合

A0.1= {1, 2, 4, 5, 8, 9}

A0.3 = {2, 4, 5, 8, 9}

A0.5 = {4, 5, 8, 9}

A0.8 = {5, 8, 9}

A0.9 = {8, 9}

A1 = {9}

A = 0.1A0.1 + 0.3A0.3 + 0.5A0.5 + .8A0.8 + 0.9A0.9 + 1A1

 

V. Extension Principle(擴張定理) 

映射

f : A → B

x → y = f (x)

For a Crisp Sets

How about Fuzzy Sets ?

Example 設X = {1, 2, 3, …, 10},  X上的一個模糊子集{小的}

定義為

假若f是平方運算    f(x) = x2
求f(小的)={小的}2
Given a function f: U → V

A fuzzy set A in U

where A = μ1/x1+μ2/x2+……+μm/xm
According to the Extension Principle

f(A)=f(μ1/x1+μ2/x2+ … +μm/xm)

=μ1/f(x1)+μ2/f(x2)+…+μn/f(xm)

If more than one element x of U is mapped to

the same element y in V by f (i.e. many to one mapping)

μf(A)(y)=max [μA(xi)]

    xi(U

    f(xi)=y

擴張定理(Extension Principle)


明確集合          明確集合
  x(x    y=f(x)    y(Y
擴展到          

模糊集合          模糊集合
y=f(x)

B=f(A)

A = μ1/x1+μ2/x2+……+μm/xm     B =μ1/f(x1)+μ2/f(x2)+……+μm/f(xm)
= f(A)

如果有數個X的元素，同時被映射至Y的同一個元素

則將這數個x的歸屬度取max即為y的歸屬度

如果函數f的定義域是X1 ( X2 (…(Xn
則f(A1, A2, …, An)映射至y的歸屬度

必須將A1, A2,…, An中的x的歸屬度取min

∴擴展原理的一般形式可記為:

μB(y) =   V     ( [μA(x1), μA(x2), …, μA(xn)]
(x1, x2,…, xn) ( X1 ( X2 (…(Xn
y=f(x1, x2,…, xn)

結論：

(1)Resolution Principle(分解定理，Decomposition)

分解為

模糊集問題              普通集問題
(2)Extension Principle(擴張定理)

拓展為

普通集函數概念              模糊集函數概念
(1)分解定理

Example

假設有一模糊集，其中的元素有a, b, c, d, e, 而其準位集為(A ={1, 0.75, 0.5, 0.25, 0}，如果5個α截集為已知，則求c的歸屬度μA(c)為何？

Aα={a}

 ↑                              αΛCAα
 =1                              =1Λ0  = 0

Aα={a, b}

↑                              αΛCAα
=0.75                          =0.75Λ0  = 0                         

Aα={a, b, c}

↑                              αΛCAα
=0.5                           =0.5Λ 1 = 0.5

Aα={a,b,c,d}                       
 ↑                              αΛCAα
=0.25                           =0.25Λ 1 = 0.25                          

Aα={a,b,c,d,e}

 ↑                              αΛCAα
 =0                             = 0Λ 1 =0

V( () = 0.5

準位集 (A ={1, 0.75, 0.5, 0.25, 0}

所以你只要探討這5個α截集

若準位集為連續集合子，則有無窮個α截集需要探討
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|A| =0.1+0.3+0.5+0.8+1+1=3.7
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